Homological stability for classical 

groups 

Jan Essert 
May 5, 2010 



Associated to every group with a weak spherical Tits system of rank n + 1 
with an appropriate rank n subgroup, we construct a relative spectral sequence 
involving group homology of Levi subgroups of both groups. Using the fact 
that such Levi subgroups frequently split as semidirect products of smaller 
groups, we prove homological stability results for unitary groups over division 
rings with infinite centre as well as for special linear and special orthogonal 
groups over infinite fields. 

Introduction 

Homological stability is the following question: Given an infinite series of groups Gn, 
such as the general linear groups GL„, we consider the sequence of inclusions 

Gi "-^ G2 "-^ G3 "-^ ■ ■ ■ . 

Then, if we apply group homology of a fixed degree, does the corresponding sequence of 
homology modules stabilise eventually? 

This is an old question and there are many interesting results for various series of 
classical groups, usually over rings of finite stable rank. An overview of results in this 
area can be found in [KnuOl, Chapter 2] and we will also provide references to the best 
known results for specific series of groups. Although the method of proof is usually 
based on a common idea, the action of the larger group on a highly connected simplicial 
complex, all proofs known to the author are tailored to specific series of groups. 

In this paper, we present a general method to prove homological stability, valid for 
all groups with weak spherical Tits systems, that is, groups acting strongly transitively 
on possibly weak spherical buildings. We then use this method to prove homological 
stability for various series of classical groups over division rings, usually improving the 
stability range previously known for larger classes of rings. 

The method is based on the observation that the simplicial complexes used by Charney 
in [ChaSO] and [Cha87] and by Vogtmann in [Vog79] and [VogSl] are closely related to 



the theory of buildings — they are the opposition complexes studied by von Heydebreck 
in [vH03]. The opposition complexes admit Levi subgroups as vertex stabilisers. Using 
these complexes, we construct a spectral sequence involving relative group homology of 
Levi subgroups. 

For the groups we consider, the Levi subgroups split as direct or semidirect products 
of smaller groups, both of the series of groups we consider and, interestingly, of general 
linear groups. Using strong stability results for general linear groups, we can hence prove 
stability results for various series of groups. 

This spectral sequence can probably also be used to show low- dimensional homological 
stability for groups of types Eq, E-j and E^. Additionally, one could try to compare group 
homology of groups of different types using this method. Finally, homological stability 
results for all reductive algebraic groups should be possible, albeit with a rather weak 
stability range. 

Homological stability results The method outlined above has originally been used 
by Charney in [ChaSO] to prove homological stability of general and special linear groups, 
but yielding a comparatively weak stability range. For special linear groups, however, 
it is an interesting observation that terms involving general linear groups appear in 
the spectral sequence. This allows us to apply a strong theorem by Sah in [Sah86] on 
homological stability for general linear groups to prove homological stability for special 
linear groups. 

Theorem 3.6 (Homological stability of special linear groups) If D is an infinite 
field, then n > 2k — 1 implies 

Hk{SK+i{D),SK{Dy,Z) = 0. 

For fields of characteristic zero, there is a far better result by Hutchinson and Tao in 
[HT08] with stability range n > k. Up to now, the best result known to the author 
applicable to other infinite fields is a result by van der Kallen in [vdK80] for rings with 
stable rank 1. It guarantees a stability range of n > 2k. 

Vogtmann originally used a version of the construction in this paper to prove homo- 
logical stability for orthogonal and symplectic groups in [Vog79] and [VogSl]. Here, we 
investigate the general situation of unitary groups associated to a hermitian form of Witt 
index n + 1 on a vector space V. This vector space then splits non-canonically as an 
orthogonal sum of a hyperbolic module Hn+i and an anisotropic complement W. We 
consider the unitary group induced on the subspace _L W and ask for homological 
stability. Again, the spectral sequence we consider has terms involving the relative 
homology of general linear groups. We can hence apply Sah's theorem again to obtain 

Theorem 3.8 (Homological stability of unitary groups) For a division ring D 
with infinite centre, the relative homology modules 

vanish for n > 2 if k = 1 and for n > k>2. If the centre of D is finite, relative homology 
vanishes for n >2k. 
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This is an improvement over the results by Mirzaii and van der Kallen in [MvdK02] and 
[Mir05] , where homological stabiUty for unitary groups with stabihty range n > k + 1 
has aheady been proved. Their result is valid for a much larger class of rings, namely 
local rings with infinite residue field, but only for the case of maximal Witt index, that 
is for W = {0}. 

The following strong result can also be proved using this method. 

Theorem 3.10 (Homological stability of special orthogonal groups) For an in- 
finite field D, we have 

for n > 2 if k = 1 and for n > k > 2. If D is a finite field, then the relative homology 
groups vanish for n > 2k. 



The construction of a relative spectral sequence We give an outhne of the 
method used to prove these results and we state the main theorem. Consider a group G 
with a weak spherical Tits system of rank n + 1, contained in an infinite series of groups 
for which we prove homological stability. We enumerate the type set / = {ii, . . . , in+i} 
arbitrarily. For 1 < p < n + 1, denote by Lp certain Levi subgroups of G of type I\{ip}. 

For the applications discussed in the previous section, the group G is of type An+i or 
Gn+i with a linear ordering of the type set. The resulting Coxeter diagrams of G and Lp 
are illustrated in the following picture. 



G 
L 



p • ■ w w • • ■ • ■ ■ 

1 2 p — 1 p p + 1 nn + 1 

We choose a subgroup G' < Ln+i of type and write = Lp fl G'. Again, in 

the concrete applications, we have the following situation. 



G' 



Lp 



12 p — 1 p p + 1 n 



Using a filtration of the opposition complex by types of vertices, we construct two 
exact chain complexes of G- and G"- modules. From these chain complexes, we obtain a 
spectral sequence involving relative homology of Levi subgroups with coefficient modules 
Mp, which are top-dimensional homology modules of opposition complexes of type 
{ii, . . . , ip-i}, except for Mi = Z. 

Theorem 2.28 (Relative spectral sequence) There is a spectral sequence with first 
page 

(H,iG,G';Z) p = 

El^=lH,{Lp,L'^;Mp) l<p<n 
[if,(L„+i,G';M„+i) p = n+l 
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which converges to zero. 

This can be used to prove homological stability for groups of type An+i and Cn+i in 
the following way: We want to prove that Hq{G, G'; Z) vanishes for all q smaller than 
a given k. Hence we must show that Hq{Lp, L'^; Mp) vanishes for p + q < k + 1. For 
2 < p < n — 1 the Levi subgroups, having disconnected diagrams, usually split as direct 
or semidirect products of two groups whose types belong to the connected components 
of the diagrams. 

Qp •■ — • • • • 

Kp • • • • • 

K'p • . • . 

1 2 p-l p p+l n n+1 

This means that there are groups Qp, Kp, of types {ii, . . . , ip-i}, {ip+i, • • • , in+i} and 
{ip+i, . . . , in}, respectively, such that Lp = Qp t< Kp and L'^ = Qp t< K'^. The modules 
Mp are constructed in such a fashion that the groups Kp and K'^ act trivially on Mp. If 
we know that relative integral homology of the subgroups Kp and K'^ vanishes, we can 
produce zeroes in the spectral sequence E^^^ by using a relative Lyndon/Hochschild-Serre 
spectral sequence. 

The structure of the Levi subgroups and the corresponding semidirect product decom- 
positions depend on the specific series of groups, but note that we always need relative 
integral homology of groups of type ^4=,,! For special hnear groups over fields and for 
unitary groups over division rings, these subgroups of type A^: are general hnear groups. 
Hence, as mentioned above, we can use strong results on the homological stability of 
general linear groups to obtain homological stability of these series of groups. 

Variations of this method using an appropriate type filtration can probably be used to 
prove homological stability results for different series of reductive groups. As mentioned 
above, this could be used to study groups of type Eq, E-j or i^g; or compare group 
homology of groups of different types. In particular, relations between algebraic K-theory 
and hermitian K-theory could also be studied by choosing a different type enumeration 
of a group of type Cn+i, forcing G' to be of type An instead of type 

This paper is structured as follows. In the first part, we introduce the required concepts 
very briefiy and give a general procedure to construct relative spectral sequences. At the 
end of this section, we apply this procedure to obtain a relative Lyndon/Hochschild-Serre 
spectral sequence, which is required to decompose homology of Levi subgroups later on. 

In the second part, we introduce the groups we work with and their associated opposition 
complexes. We construct an exact chain complex, analogously to the construction of 
cellular homology, and use it to prove Theorem 2.28. 

Finally, in the third part, we consider explicit series of groups, decompose the Levi sub- 
groups appropriately and apply Theorem 2.28 to prove homological stability inductively. 
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1 Homology 

The aim of this part is to give a general construction for relative spectral sequences. 
Using this, we will construct a relative Lyndon/Hochschild-Serre spectral sequence. The 
relative construction will also be applied in the second part to prove the main theorem. 
We will assume the reader to be familiar with the concept of spectral sequences. For a 
textbook on this topic, see [McCOl]. A very good brief introduction to the subject is 
[Cho06]. 

1.1 Group homology 

We give a very brief definition of group homology to introduce the terminology. The 
standard reference is of course [Bro82]. Throughout this section, let G be any group, we 
write ZG for the group ring over G, and we define a G-module to be a left module over 
ZG. 

Tensor products M ® N oi modules are only defined if M is a right module and is 
a left module over a common ring. We want to form tensor products of left modules over 
the group ring ZG. Note that we can canonically make any left ZG-module M into a 
right ZG-module by setting 

mg := [g~^)m for any m G M^g G G. 

As in [Bro82], using this construction, we can define tensor products of left G-modules 
M and A^, denoted by M ®g N. 

Definition 1.1 Associated to a group G, consider the modules Fn{G) which are the free 
abelian groups over {n + l)-tuples of elements of G. We define the boundary map 

n 

digo,9u . . . ,5'n) = J2(~^)''(9o, ■■■,9k, ■■ ■,9n), 

where, as usual, the hat gu indicates omitting that entry in the tuple. We call the 
associated exact G-chain complex of the form 

> F2{G) Fi{G) Fo{G) ^ Z ^ 0, 

the standard resolution of Z over ZG. 

For any G-module M, the group homology H^{G; M) is defined to he the homology of 
the chain complex F^{G) C?>g M. 
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Remarks Any group monomorphism G' ^ G induces a chain map F^{G') — t- F^{G) 
which is injective on each chain module. 

For any other free (even projective) resolution of Z over ZG, we also have 
H,{G; M)=H,{F,®G M). 

We will frequently use the following observation: If G' < G and F^, is a free resolution 
of Z over ZG, then it is also a free resolution of Z over ZG'. 

The introduction of relative homology simplifies the formulation of homological stability 
considerably. 

Definition 1.2 Consider a group G and a subgroup G' < G. Let M be a G-module. 
The relative group homology H^.(G,G']M) is defined to be the homology of the quotient 
complex F,{G) ®g M/F,{G') ®g' M. 

Note that there is canonically an associated long exact sequence of the form 

> Hk{G'- M) Hk{G; M) ^ iJfe(G, G'; M) ^ Hu-i{G'- M) ^ ■ ■ ■ 

Proposition 1.3 Let G' and H be two subgroups of a given group G, write H' = G'dH. 
Then we have 

( F.{G) ®hM \ ^ ( F^{H) ®hM \ _ 
Proof Consider the following diagram: 

I I 
— F,(G') ®H'M ^F4G) 0HM^ X(gg^,M — 

Here, the top row is exact by construction. The bottom row is exact since H' = G' H H. 
The vertical arrows are all induced by the inclusions. If we now consider the associated 
long exact sequences on homology, the first and second vertical arrow induce isomorphisms 
by the remark above. By the 5-lemma, we get the desired isomorphism □ 

This following lemma is a special case of [Wei94, Theorem 6.1.12]. 

Lemma 1.4 Let G be a group and let M be a trivial and "L-free G-module. Then we 
have 

H,{G; M) ^ H,{G; Z) ®z M. 

Proof Since M is trivial, we have Ffc(G) M = Fk{G) ^ ®z M. Since M is Z-free, 
it is in particular Z-flat and the functor (— ®x M) is exact, which proves the result. □ 

We will also need the following simple lemma on relative i^o- 
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Lemma 1.5 For any group G, any subgroup G' and any G -module M , we have 

Hq{G, G'-M) = 0. 

Proof It is a well-known fact that Ho{G; M) = Z ®g M and Ho{G'; M) = Z ®g' M. 
Now by the long exact sequence we have 

Ho{G, G'- M) ^ (Z ®G M)/z,(Z ®g' M), 

where is the map z m ^ z ®g 'm- This map is clearly surjective. □ 

1.2 The mapping cone chain complex 

We briefly recall the deflnition of the mapping cone complex. Let (C,,^^), {C',,d^') be 
two chain complexes and let ip^ : G'^ ^ C* be a chain map. The mapping cone chain 
complex Cone*(v9) has the modules Conefc(v5) = C*^-! © Gk with differential 

d^r\^ + c) := -Ci(c') + Vk-i{c) + d^,{c). 
As for relative homology, there is an associated long exact sequence 

> HkiG') ^ HkiG) ^ i/fc(Cone(v.)) ^ Hk-iiG') ^ ■ ■ ■ . 

Lemma 1.6 (1.5.8 in [Wei94]) Ifip : G' G is the inclusion of suhcomplexes G' C G , 
then 

H,{Coneiip)) ^ H,{G/G'). 

1.3 The spectral sequences associated to a double complex 

In this section, we will recall the definition of the spectral sequence associated to a double 
complex. Using this, we will construct a relative spectral sequence to be used throughout 
the paper. 

First of all, remember that a double complex Dp g is a bi-graded module with horizontal 
and vertical differentials d'^ : Dp^q — > Dp-i,q and : Dp q — -Dp,(,-i such that 

Associated to a double complex is the total complex, defined to be 

Tot(Dp,,)fc:= Dp^q 

p+q=k 

with differential induced by 

d^''\dp,q) = d\dp,q) + i-lYd^dp,q) 

The homology of the total complex can be calculated via two spectral sequences. 
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Proposition 1.7 ([Bro82], VII. 3) There are two spectral sequences both converging 
to the homology of the total complex 

The differentials on the first page are up to sign each induced by the other differential, 
respectively. 

The simplest example of a double complex arises in the following situation: Let {F^:,d^) 
and (C*,9*") be two chain complexes of G-modules. Then Dp^g = Fp ®g Cq with the 
differentials {d^ (8>g id) and (id ^cd^) is a double complex. 

The total complex of this double complex coincides with the tensor product of chain 
complexes {F (g)^ C),,,: 

Tot(Dp,,)fc = (F®GC)fc:= Fp^cCg 

p+q=k 

with differential induced by 

®G Cq) = d^ifp) ®G Cg + i-lffp ®G 5^(C,). 

Proposition 1.7 specialises to the following corollary. 

Corollary 1.8 There are two spectral sequences both converging to the homology of the 
tensor product complex 

Liq = Hg{Fp®GC.) ^^-+^(^®^^)- 

The differentials on the first page are induced by ±(id (K'Gf^'") (^nd (c^^^cid), respectively. 

Note that, if F^, is a chain complex of free modules, each module Fp is ZG-free and hence 
ZG-flat, and we obtain 

= Hp{F, ®G Hg{C)) Hp+g{F ®G C). 

In particular, if = F^:{G) is the standard resolution of Z over ZG and if the chain 
complex is an exact complex of G-modules, we obtain 

Corollary 1.9 Let G be a group and let C^, be an exact chain complex of G -modules. 
Then there is a spectral sequence 

g = Hg{G; Gp) =^ 

which converges to zero. 
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We will later also use transposed double complexes as follows: We denote the transposed 
tensor complex by F C: 

{F®lC)k:= Fp®gC, 

p+q=k 

with differential induced by 

This is obviously the total complex of the double complex {Fq ®g Cp)p^q. The following 
Lemma is then a simple calculation. 

Lemma 1.10 The chain map F ®g C —f F C given on the basis by 



fp ®G Cg ^ (-l)^Vp ®G c. 



induces isomorphisms on homology H^{F ®g C) = H^{F ®^ C). 

1.4 The Lyndon/Hochschild-Serre spectral sequence 

The Lyndon/Hochschild-Serre spectral sequence is a well-known tool in group homology 
theory. Nevertheless, we give a short summary of its construction in [Bro82, VII. 6] since 
we will need this in the following section. Consider an exact sequence of groups 

Write F^ (G) for the standard resolution of Z over ZG, this is a free resolution of Z over 
liH as well. Let M be a G-module. It is not difficult to see that 

F,{G) ®gM= {F,{G) (^h M) ®q Z. 

Now set C=K = ®h M) and consider the standard resolution F^.{Q) of Z over 

ZQ. By Corollary L8, applied to the tensor product F{Q) ®q C, there are two spectral 
sequences 

Note first of all that Fp{Q) is a free Q-module, the functor {Fp(Q) ®q — ) is exact and 
we obtain 

= Hp{Q- Hq{C)) = Hp{Q- Hq{H- M)). 

Now note that ZG ®h M = Z{G/H) M = ZQ ®^ M. Hence Hg{Q; ZG ®^ M) = 
for g > by [Bro82, III. 5. 7] and hence also Hq{Q, Cp) = for all p and all g > 0, since 
FpiG) is a free ZG-module for all p. We obtain 

^{h^{Q-Gp)^{Fp{G)®hM)®qZ = Fp{G)®gM q = 
^'"^ 1 otherwise, 

hence the spectral sequence collapses on the second page and we have E^ q = Hp{G; M). 
This proves 
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Theorem 1.11 (Lyndon/Hochschild-Serre) Given a short exact sequence of groups 

there is a convergent spectral sequence 

Ll^ = H,{Q; H,{H- M)) ^ H,+,{G- M). 

1.5 Relative spectral sequences 

In this section, we will discuss a procedure to obtain relative spectral sequences from 
both the spectral sequence associated to a double complex as well as from the Lyndon/ 
Hochschild-Serre spectral sequence. Consider the following situation: 

Fix a group G and a subgroup G' . Let F' , G' and F , G be chain complexes of G'- and 
G-modules, respectively. Consider the two tensor product double complexes {Fp®GCq)p^q 
and (Fp ®g' C'g)p,q. Assume that there is map of double complexes 

i : F' ®G' C' ^F®G C. 
We denote the induced maps on the vertical and horizontal chain complexes by 

ip,. ■■ F'p C, Fp ®G C. 

i;q ■■ K ^G' C'g F, ®G Cg 

For every q, we then consider the mapping cone chain complexes Cone*(i,,g) and 
Cone*(ig^,). It is a simple calculation to see that 

Dp,g = Conep(i,,q) and Dp^ = Conep{ig^,) 

are actually double complexes with respect to the cone differentials and the differentials 

d : (F;_i ®g' C^) © {Fp (E)G Cg) ^ ®g' C'^-i) © {Fp ®g Cg_i) 

/' ©G' C+f^GC^f ©G' ) + / ©G d'\c) 

: (F^ 0G' G'p_,) © {Fg ®G Gp) ®g' G;_,) © 0g Gp) 

f ©G' c' + f^GC^ d^'if) (g)G' C' + d^if) 0G C 

induced by the differentials 5*"' and 9*", respectively d^' and d^. 

Theorem 1.12 There are two spectral sequences corresponding to D and satisfying 



Fp,q^ HgiCone^tp,,)) ^ 



The differentials on the first pages are induced by ±5 and ±d^ , respectively. 
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Proof The first spectral sequence is the first one from Proposition 1.7 apphed to the 
double complex D. We know that 

= i7,(Cone.(2.,,)) ^ if,+,(Tot(D)). 

But the formation of the mapping cone and of the total complex commutes in the 
following sense: On the one hand 

Tot(D),= (f;_i®g'C;)©(Fp®gC7,). 

p+q=k 

On the other hand 

Conefc(^ : (Fj ®g' C',) ^ (F, ®g C,)) = {F'^ ®a C\) © {F, ®g C,) 

'p+q=k — l p+q=k 

Hence the modules of the two chain complexes coincide. For the boundary maps, we have 

^Cone(.) f ^ + E /P ®G C,) = - E {dfp ®G' < + {-Iff; ®G' ^cQ + 

p+q=k—l p+q=k p+q=k—l 

p+g=fc— 1 

+ E (-^/p ®G C, + (-1) ®G dc,) . 
p+q=k 

and 




which are also easily seen to be identical. 

For the second spectral sequence, we take the first spectral sequence from Proposition 
1.7 associated to the double complex . We denote it by L, however, to make the 
notation consistent in the following. Note that we can also write D^^ = Conep{i'^q), 
where i'^ : (F^ C'p)p^q — (Fg ©^ Cp)p^q is the map induced on the transposed double 
complexes. By applying the above calculation to i"^ , we obtain 

L^^ = Hq[Cone,{tp,.)) /Jp+,(Tot(D^)) = ifp+,(Cone,(z^)), 

We have seen in Lemma 1.10 that there is a chain map inducing isomorphisms 

H,{F ®G C)=H,{F ®l C) 

on homology. Using these maps, one can easily construct a chain map Cone(i) — )■ Cone(i"^) 
inducing an isomorphism on homology by the long exact sequence associated to the 
mapping cone and the 5-Lemma. □ 
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Remark If i is injective, we have 

ifp+,(Cone,(z)) ^ Hp+^{F ®g C,t{F' ®g' C')) 

by Lemma 1.6. 

Apphed to the Lyndon/Hochschild-Serre spectral sequence from Theorem 1.11, we obtain 

Theorem 1.13 (Relative Lyndon/Hochschild-Serre) Fix a group G with a normal 
subgroup H , a subgroup G' < G and a G-module M . Write H' = H (1 G' . If the quotient 
Q = G/H is isomorphic to G'/H', there is a spectral sequence 

= Hp[Q- H^H, H'; M)) Hj,+^{G, G'; M). 
If the subgroup H acts trivially on M and M is l^-free, we obtain 

= Hp[Q; H,{H, H'; Z) ®^ m) H^+,{G, G'; M). 

Proof Let F^{G), F^{G') and F^{Q) be the standard resolutions of Z over ZG, ZG" 
and ZQ, respectively. As in the construction of the Lyndon/Hochschild-Serre spectral 
sequence, we consider the double complexes F^{Q) ®q {F^{G') ®h' M) and F^{Q) Cg)Q 
{F,{G)0hM). Let 

^ ■■ F,{Q) ®Q {F.{G') ®H' M) ^ F,(Q) ®q ®h M) 

be induced by the inclusions. Then apply Theorem 1.12 to obtain a spectral sequence 
with first page term 

The module Fp{Q) is ZQ-free and hence ZQ-flat. We obtain 

L,, = FAQ) ®Q H, [jj^^iY^^ j = FAQ) ®Q ) ' 

where the last isomorphism is the content of Proposition 1.3. This yields 

Ll^ = HAQ,Hg{H,H';M)) /7p+,(Cone,(z)). 

On the other hand, consider the spectral sequence E from Theorem 1.12 and apply 
Lemma 1.6 to obtain the following description of the first page. 

= HF.iQ)^QiFAG')^,,M)) ^ ^^+^(Cone.W). 

In the proof of the regular Lyndon/Hochschild-Serre spectral sequence (Theorem 1.11), 
we have seen that Hg{F^{Q) ®q (FAG) 0h M)) = for g 7^ and that 

H^{F,{Q) ®Q {FAG) M)) ^ FAG) ®g M. 
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The same is true if we replace G and H by G' and H' . The map i induces the map 

Hq{F,{Q) ®q {Fp{G') <^H' M)) Ho{F,{Q) ®q {Fp{G) ®h M)) 

which under the above isomorphisms is just the inclusion Fp{G') ®g' M — t- Fp{G) ®g M. 
In particular, it is injective. By the long exact sequence for relative homology, we obtain 
= for g 7^ and 

Fp{G')®G'M' 

so the spectral sequence E collapses on the second page and converges to Hp^q{G, G'; M), 
which proves the first statement. The second statement follows from Lemma 1.4. □ 



2 Geometry 

Homological stability proofs usually consider the action of a group on some simplicial 
complex and then exhibit smaller groups of the same series of groups as stabiliser 
subgroups. In this part, we will introduce the opposition complex associated to a group 
with a weak spherical Tits system and construct a filtration of this complex which leads 
to a relative spectral sequence involving the group and its Levi subgroups. This will be 
used in the last part to prove homological stability. 

2.1 Spherical buildings 

We will briefly recall the basic definitions for Coxeter complexes and spherical buildings. 
The books by Abramenko and Brown [AB08] and by Ronan [Ron89] are excellent 
references, where all of the material of this section can be found. 

At the end of this section, we will illustrate all of these definitions in the concrete case 
of the projective space over a division ring. 

Definition 2.1 Let I be a finite set. A Coxeter matrix M = {mij)i^j^i is a symmetric 
matrix with entries 1 on the diagonal and with entries in {2,3,..., oc] else. 

We associate to M the Coxeter diagram, an edge-labelled graph with vertex set I and 
with edges between i and j if rrii j > 2. We label all edges by the corresponding matrix 
elements rriij. It is customary to omit the label if rriij = 3,4 and to draw a double edge 
for rriij = 4. 

In this paper, we will need the following two diagrams, where the type set / = {ii, . . . , in} 
is enumerated linearly as follows 

An • • • • • 

Cn • • • • • 

il 12 «3 ■ ■ ■ 'in-l in 
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Associated to every Coxeter matrix, there is a finitely presented group, the Coxeter 
group. 

Definition 2.2 Let I be a finite set and let M be a Coxeter matrix. The associated 
Coxeter group W is a finitely presented group with generator set S — {si : i & 1} and 
with presentation 

W={S\is,sjr-^ = 1 yi,jel). 

The pair {W,S) is called a Coxeter system, the cardinality \I\ is called its rank. The set 
of all cosets 

j:{w, S) = {w{S') ■.weW,S' c s}, 

partially ordered by reverse inclusion forms a simplicial complex, the Coxeter complex 
associated to {W, S) . 

// (J G ^{W, S) is of the form a — w{{si : i G /'}), we write type{a) — I \ I' . In 
particular, the types of vertices are single elements of I . 

Top- dimensional simplices o/S(VF,5') are called chambers, codimension-l-simplices 
are called panels. 

The definition of opposition in spherical buildings is central to our discussion later on. 

Definition 2.3 We say that W is spherical if W is finite. In this case S) can be 
realised naturally as a triangulated sphere of dimension |/| — 1. Then the antipodal map 
of the sphere induces a simplicial involutory automorphism p of Ti(W, S) . A simplex a 
and its image p{a) are said to be opposite. The notion of opposition can also be expressed 
in a combinatorial fashion. 

Buildings are simplicial complexes covered by the union of their apartments, which are 
copies of a fixed Coxeter complex. 

Definition 2.4 A simplicial complex A together with a collection of subcomplexes A 
called apartments is a building if 

• Every apartment is a Coxeter complex. 

• Every two simplices of A are contained in a common apartment. 

• For any two apartments Ai,A2 G A containing a common chamber, there is an 
isomorphism Ai — >■ A2 fixing Ai fl A2 pointwise. 

The building A is called thick if every panel is contained in at least three chambers. We 
will call a building weak if it is not necessarily thick. 

The axioms force all apartments to be isomorphic, there is in particular a unique Coxeter 
system {W, S) associated to A. 

Definition 2.5 If this Coxeter group W is spherical, then A is called spherical as well. 
Likewise, we say that the type of A is the type of{W,S). The rank of the building is the 
cardinality of the type set I. 
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We will need the following properties of buildings: 

Lemma 2.6 The link of a simplex lk^{a) is again a building of type I \ type(cr). 

Theorem 2.7 (Solomon-Tits) A spherical building of rank n has the homotopy type 
of a bouquet of {n — 1) -spheres. 

The following example will be discussed again in section 3.1. 

Example The simplest example of a rank n spherical building is the flag complex A 
over the n-dimensional projective space over any division ring D. Simplices in A are 
then ascending flags of subspaces of 

A = {{ViCV2C...CVk):Viy^ 0, Vk C 

Apartments in A consist of all flags whose elements can be expressed as spans of a fixed 
basis of The associated Coxeter group W is the symmetric group on + 1 letters 

permuting the basis vectors. This building is of type An. 

Two simplices (Vi C V2 C ■ ■ ■ C V^) and (V/ C V2 C ■ ■ ■ C V^) are opposite if and only 
if Vi = for alH = 1, . . . , fc. 

The type of a simplex (t = (Vi C V2 C ■ ■ ■ C Vk) is the set of dimensions of subspaces 
in the flag: type(cr) = {ii : dim(Vi) = 1,1 < i < k}. 

Our main result will involve groups with weak spherical Tits systems or, equivalently, 
groups acting strongly transitively on weak spherical buildings. 

Definition 2.8 A group G acts strongly transitively on a weak spherical building A if 
it acts transitively on pairs of chambers and apartments containing them. 

Strongly transitive actions give rise to a group theoretic datum called a Tits system. 

Definition 2.9 Let G be a group. Let B and N be subgroups of G such that their 
intersection H = BCiN is normal in N. Assume also that the quotient group W := N/H 
is generated by a set S G W . The quadruple {G, B, N, S) is called a weak Tits system if 

• G={BUN), 

• {W, S) is a Coxeter system and 

• for s & S and w G W , we have BsBwB C BwB U BswB. 

If in addition sBs 7^ B for all s E S, we call {G, B, N, S) a Tits system for G. 

Given a strongly transitive action of a group G on a weak spherical building, we can 
construct a Tits system as follows. 
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Construction Fix an apartment E and a chamber cq G S. Denote by B the stabihser of 
Co and by N the normahser of S. Their intersection H = BCiN is the pointwise stabihser 
of S and the group H is normal in A^. The quotient N/H acts chamber-regularly on the 
apartment S and is hence isomorphic to the associated Coxeter group W, where we have 
fixed the generating set 5*. 

Theorem 2.10 The quadruple {G,B,N,S) is a weak Tits system for G. If the building 
is thick, then {G, B, N, S) is a Tits system. Conversely, given a (weak) Tits system of 
spherical type for G, a (weak) spherical building can be constructed on which G acts 
strongly transitively. 

The proof of this result can be found in [AB08, Chapter 6]. 

Remark We will later describe the buildings and the weak Tits systems we use explicitly. 
The class of groups with weak spherical Tits systems includes general and special linear 
groups over division rings and unitary groups over hyperbolic modules, in particular 
symplectic groups and special orthogonal groups of maximal Witt index. 

Note that the latter groups have a (non-weak) Tits system of type Z)„, but also a weak 
Tits system of type C„, as described in [AB08, 6.7]. 

Definition 2.11 Any stabiliser in G of a simplex in A is called a parabolic subgroup. 

Example The general linear group GL„+i(Z}) acts strongly transitively on the building 
A of type An, which is the flag complex over projective space, as discussed in the previous 
section. If ci, 62, . . . , e„+i is the standard basis of D""*"^, the parabolic subgroup associated 
to the vertex t> = ((ci, . . . , 6^)) is given by 



2.2 The opposition complex 

Let n > 2 and let A be a weak spherical building of rank n. Enumerate the type 
set / = {ii, . . . ,in} of A arbitrarily. In addition, we fix a group G that acts strongly 
transitively on A. 

The basic geometry on which we will study the action of G is not the building A, but 
its associated opposition complex. 

Definition 2.12 The opposition complex 0(A) is the simplicial complex consisting of 
pairs of opposite simplices 

0(A) := {a = (cr+,cr") G A X A : opposite a^} 

with the induced inclusion relations. Set type(((T+, a^)) := type((T+). 

The opposition complex 0(A) is a G-simplicial complex since the O-action preserves 
opposition. The G- action is transitive on vertices of the same type of 0(A), since it is 
transitive on pairs of opposite vertices of a fixed type in the building. 



V 




GL 



in+l 
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Example The vertices of the opposition complex associated to the general linear group 
GLn+i{D) acting on the associated projective space over D^^^ as in Section 2.1 are pairs 
of complementary subspaces of D^^^. 

The significance of the opposition complex for this paper lies in the following theorem. 

Theorem 2.13 (von Heydebreck, [vH03], Theorem 3.1) The opposition complex 
of a weak spherical building A of rank n is homotopy equivalent to a bouquet of {n — 1)- 
spheres, we will also say that it is {n — l)-spherical. 

We fix a set of representative vertices for the G-action. 

Definition 2.14 We fix a standard apartment S in A and a chamber Cq G E. In the 
following, we write for the vertex of cq of type {ip} and we denote the corresponding 
opposite vertex in E by v~ . We write Vp = {Vp,Vp) G 0(A) for the vertex in 0(A). 

For the inductive arguments to come, we investigate the structure of stabilisers. 

Definition 2.15 Denote the stabilisers as follows: 

Lp := Gy^ = n G^- 

These are intersections of two opposite parabolic subgroups, called Levi subgroups of G. 

Example For the general linear group GL„+i(D) acting on the associated building A of 
type An, as above, the stabiliser of the vertex t> = ((ei, . . . , e^), {ck+i, ■ ■ ■ , e„+i)) in 0(A) 
is the subgroup 

(GLkiD) \ 

1^ GL„,+i_,(D)j- 

Note that the Levi subgroup splits as a direct product of smaller general linear groups. 



The opposition complex commutes with the formation of links as follows. 

Proposition 2.16 (von Heydebreck, [vH03], Proposition 2.1) For a simplex 
((T+,cr^) G 0(A) we have 

lko(A)((a+,a-))=0(lkA(a+)). 

This isomorphism is G^o-+,cT-}-equivariant. In particular, the link \ko{x){{c''~^ ,<^~)) is 
(n — 1 — k) -spherical. 
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2.3 A Filtration 

We construct an exact chain complex of G-modules associated to 0{A). The construction 
is similar to the construction of cellular chains of a CW complex. The filtration by 
skeletons is replaced by a filtration by types. 

Definition 2.17 For 1 < p < n let Ip — {ii, . . . , ip}. Write 

0{A)p := {a e 0(A) : type(a) C Ip}, 
this is a G -invariant filtration ofO{A). We set 0(A)o := 0. 
Observe that 0{A)p is of rank p and hence of dimension p — 1. 

Definition 2.18 Let v be a vertex in 0{A)p. We define the filtrated residue, link and 
star by: 

R{v)p = Ro(A){v) n 0{A)p = {ae 0{A)p -.vea}, 

lk{v)p = lko(A)(^^) n 0{A)p = {(7 e 0{A)p -.vLiae 0{A),v n cr = 0}, 

st(^;)p = lk(^;)p U R{v)p. 

Remark From the definition it is obvious that 

si{v)p n 0(A)p_i = \\i{v)p = \\i{v)p-i 

if type(v) = {ip}. 

Proposition 2.19 For 2 < p < n we have 

Hi{OiA)p,OiA)p_,) ^ Hi_^{lk{v)p.i). 

type(v)=ip 

Proof We have 

0(A)p \ 0(A)p_i = {(7 e 0(A) : ip e type(a) C Ip} 
= U e 0{A)p :vea} 

type{v)=ip 

= u mp- 

type{v)=ip 

Since st(i')p fl 0(A)p_i = lk(i>)p_i, we obtain the following pushout diagram 

Utype{v)=ip lk(v)p_i ^ 0(A)p_i 

lJtype(^)=i^ St{v)p > 0{A)p. 
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By excision, we obtain 



i/,(0(A)p,0(A)p_i) 



e 



typc{f) 



■p 



e 



type(?;) 



e 



/7,_i(lk(t;)p_i). 



•p 



The last line follows from the fact that st(f)p is the simplicial cone over lk(f)p_i. □ 

This description of relative homology allows us to show that each filtration subcomplex 
of the opposition complex is also spherical. 

Proposition 2.20 For any 1 < p < n, the homology groups Hi{0{A)p) are trivial except 
for i = p — 1. The group Hp-.i{0{A)p) is "Z-free. 

Proof Since the complexes 0{A)p are {p — l)-dimensional, their top-dimensional homol- 
ogy group ifp_i(0(A)p) is automatically Z-free. 

It remains to show that all other reduced homology groups vanish. We prove this by 
induction on n = rank(A). In any case, the statement is true for 0(A)„ = 0(A) by 
Theorem 2.13 and it is trivial for 0(A) i. 

Combining these facts, we obtain the statement for n = 2. Now assume n > 3. We 
prove the statement for 0(A)p for all 2 < j9 < n by reverse induction. The case p = n is 
already known by Theorem 2.13. 

Hence assume we have the statement for 0(A)p and prove it for 0(A)p_i. First of all 
note that by Proposition 2.19, we have 



and we have the induction hypothesis for lk(f)p_i, since rank(lkA(t'''")) = rank(A) — 1. 
We see in particular that Hi{0{A)p, 0(A)p_i) vanishes for i p — 1. 

By the long exact sequence for the pair (O(A)p, 0(A)p_i), we obtain that ^j(0(A)p_i) 



The following modules Mp will be the coefficient modules in the spectral sequence. 
Definition 2.21 We define a sequence of Lp-modules as follows: 



These are Lp-modules, since Lp stabilises Ik(fp) and is type-preserving. It hence also 
stabilises the subcomplex lk(fp)p_i. Note additionally that Mp is 'E-free by the previous 
proposition. 



//,(0(A)p,0(A)p_i) 



^,_i(lk(t;)p_i) 



type(t))=tp 



vanishes for i ^ p — 2. 



□ 
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With this definition, we obtain a simple description of the relative homology modules. 
Proposition 2.22 For 1 < p < n, we have 



Hi{0{A)p,0{A)p. 





ZG(g)L,Mp i=p-l. 



Proof If p = 1, then 0(A)i = lJtypc{i;)=ji{^}- Then obviously 

Ho{0{A),)^ZG (»L,Z 

since G acts transitively on pairs of opposite vertices of the same type. 
For p > 1, by Proposition 2.19, we have 

i7,(0(A)„0(A)p_i) = iJ,_i(lk(t;),_i), 

type{v)=ip 

again since G acts transitively on pairs of opposite vertices of the same type. The claim 
now follows from Proposition 2.20. □ 

The filtration allows us to obtain an exact complex of G-modules, which will be used to 
construct a relative spectral sequence. 

Definition 2.23 Consider the following sequence of G -modules: 

fiJ„_i(0(A)) p = n + l 

//p_i(0(A)p,0(A)p_i) l<p<n 

Z p = 

otherwise. 



Cp:= { 



We then have 

Cp = ZG Mp 

for 1 < p < n by Proposition 2. 22. 

As for cellular chains, there is a chain complex structure on C*. Note that, in contrast to 
the situation of cellular chains, we have added the modules Co and C„+i to make the 
chain complex C^ exact. 

Lemma 2.24 There is a boundary map on C*, which makes C* into an exact chain 
complex of G -modules. 

Proof The filtration (0(A)p)pg^ induces a G-equivariant filtration on cellular chains of 
0(A). There is hence a spectral sequence of G-modules 

= /7,+,(0(AUi,0(A),) Hp^,{0{A)). 
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By Proposition 2.19 we obtain 

^ f/7,(0(A),+i,0(A),) g = 

The spectral sequence hence collapses on the second page, the differential maps on the 
first page and the edge homomorphisms form the long exact sequence. □ 

Remark A closer comparison to the situation of cellular chains shows that this boundary 
map is given by the composition 

ifp(0(AUi,0(A)p) A i7p_i(0(A)p) ""-^^ i7p_i(0(A)p,0(A)p_i) 

where 5 is the connecting homomorphism of the long exact sequence associated to the pair 
(0(A)p+i, O(A)p) and H{7i) is induced by the projection as in the long exact sequence 
associated to the pair (O(A)p, 0(A)p_i). 

2.4 The relative spectral sequence 

For n > 2, let G be a group with a weak Tits system of rank n + 1 with associated 
building A whose type set J = {ii, . . . , in+i} is ordered arbitrarily. We adapt the notation 
from the previous section. 

In this general setting, of course, a part of the problem of homological stability is its 
precise formulation. Which subgroups of a given group G should be considered as the 
ones to yield stability? These subgroups cannot be expressed explicitly in this generality, 
they depend on the chosen series of groups. Consequently, we allow for a certain amount 
of flexibility in the choice of the subgroup G'. 

Definition 2.25 Let G' be any subgroup of Ln+i that still acts strongly transitively on 
the link A' := IkAf v^_^_l) , which is a building of type /„ — {ii, . . . , in} ■ particular, G' 
admits a weak Tits system of type In- We call the pair (G, G') a stability pair. 

Remark We will always choose G' such that this assumption of strong transitivity is 
obviously fulfilled. In fact, if the group G admits a root datum, then every Levi subgroup 
does as well by [Rem02, 6.2.3]. The group Ln_^_i = [Ln+i, Ln+i] is then the associated 
little projective group which also admits a root datum and we will always choose G' to 
contain Lj^+i. 

The aim of this section is to associate a spectral sequence to every stability pair. It will 
be a relative version of the spectral sequence in Corollary 1.9. 

Definition 2.26 By Proposition 2.16, we have 

0(A)' := lko(A)K+i) = O(lkAfci)) = O(A'), 

and we denote the complex on the left by 0(A)'. This isomorphism is G'-equivariant. 
Define a type filtration on O(A') analogously to the one defined on 0(A). In addition, 
the filtration on 0(A) induces a filtration on 0(A)'. The isomorphism is then also 
filtration-preserving. 
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Now we consider the exact chain complexes and C'^ associated to the groups G and 
G' as in Definition 2.23. We obtain the following descriptions: 



f^n(0(A)) 



p = n + 2 



ifp_i(0(A)p,0(A)p_i) l<p<n + l 



and 







i7„_i(0(A)') 



p = 
otherwise. 



p = n + 1 



/j,_i(o(A);,o(A);_i) i<p< 



n 



Z 




p = 
otherwise. 



We see that 



C; = ZG' ®L'^ Mp and Cp = ZG Mp 
for 1 <p <n and C^+i = if„„i(lko(A)(t^n+i)) = where 

Mp = Hp-2(Jko(A){vp)p-i) = -f^p-2(lko(A)'(^p)p-i) for 2 < p < n 
are the same modules for both groups G and G'. 

Lemma 2.27 The inclusion 0(A)' > 0{A) induces a G' -equivariant chain map 

i-.G',^ a. 

Proof The inclusion 0(A)' 0(A) is G'-equivariant and filtration-preserving. The 
inclusions of pairs then induce maps 

ip : ffp_i(0(A);,0(A);_i) ^ i7,_i(0(A)„0(A),_i) 



C' 



for 1 < p < n, which are compatible with the boundary maps and d^' . Of course 
= for p < — 1 and p>n + 2. Consider 



0- Z-^i/o(0(A)i) 

A 



to 



0- Z^Ho{0{A)\)^ 

Here to ■= o no (9f )^^ is well-defined by a diagram chase. For p = n + 1, consider 

\ n + l 



if„_i(0(A)„,0(A) 



n-l J 



i/„(0(A)„+i,0(A), 

A 



+ 1) 



if„_i(O(A)'„,O(A);_0 



^n-l(0(A)'„ 



0. 
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Note that 0(A)'„ = \ko(x){vn+i) = lk(t;„+i)„, so 

^„_l(0(A)'J ^ Hr,{st{Vn+l)n+lMVn+l)n) 

as in the proof of Proposition 2.19. The inclusion of pairs 

then induces the map in+i on homology. A closer inspection using the explicit description 
of the boundary maps above shows that i is a chain map. □ 

Remark It is not difficult to see that, under the above isomorphisms, the map Lp is 
induced by the canonical inclusions 

for 1 < p < n and that : Mn+i — > I^G Mn+i is given by m H- 1 <S)l„+i 

With these chain complexes and the chain map, we are able to construct the following 
spectral sequence. 

Theorem 2.28 (Stability pair spectral sequence) For each stability pair {G,G'), 
there is a first- quadrant spectral sequence 

(H,{G,G';Z) p = 

[i/,(L„+i,G";M„+i) p = n + l 

which converges to zero. 

Proof Let -F*(G') and F^{G') be the standard resolutions of Z over ZG and ZG', respec- 
tively. Consider the two double complexes F^{G') ®g' C** and F^,[G) ®g C** and the map 
of double complexes 

I : F{G') 0G' C F{G) 0G C 

f ®G' f ®G '-(c) 

induced by the inclusion G' ^ G and by t. We can apply Theorem 1.12 to obtain the 
relative spectral sequence 

converging to zero by Corollary 1.9 and the long exact sequence associated to the mapping 
cone complex. All that remains is the description of the first page terms. For 1 < p < n, 
we apply Lemma 1.6 to obtain 

El^ ^ Hg[{F,XG) ®gCp)/{F,{G') ®g' Q) = H,({F,{G) Mp)/{F,{G') M^)), 
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which is isomorphic to Hq{Lp, L'^\ Mp) by Proposition 1.3. For p = n + 1, note that 

= H,{{F,{G) M„+i)/(F,(G") ®G' M„+i)), 

which is isomorphic to Hq{Ln+i, G'; Mn+i). □ 
Remark Note that by Lemma 1.5, we have E'po = for all < p < n + 1. 

3 Group theory 

In the third part, we will apply the results of the first two parts to specific series of 
groups. We will only sketch the original application to general linear groups by Charney 
in [ChaSO]. Instead, we cite a strong stability theorem for general linear groups by 
Sah, which we will use for the following proofs. In the following sections, we then 
prove homological stability for special linear groups, for unitary groups and for special 
orthogonal groups. 

3.1 General linear groups 

Let D be any division ring. We consider the case where G = GL„+2(-D) for n > 2. The 
associated building A is the flag complex over (n + l)-dimensional projective space, the 
opposition complex 0(A) consists of pairs of complementary vector subspaces of 
We choose a basis ei, 62, . . . , e„+2 of _D"+2 corresponding to the standard apartment E. 
We choose the type filtration and the chamber cq in S with vertices Vp = (ei, . . . , Cp), 
hence v~ = (cp+i, . . . , 6^+2). Consequently 



Lr, — 



^GLp(D) 



for 1 < p < n + 1. In particular 

L 



^ /GL„+i(D) 

n+l - I Q 



We choose G' = (^^"-^^^^ ^| which implies that 



V 



(GLp{D) 0^ 

GL„+i_p(D) 
V 1, 



Obviously, we obtain Lp ^ GLp{D) x GL„+2-p(/^) and L'^ ^ GLp(D) x GL„,+i_p(D). By 
Theorem 2.28 we obtain as in [ChaSO] the following spectral sequence. 
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Theorem 3.1 (Charney, Theorem 2.2 in [ChaSO]) For any n > 2, there is a first- 
quadrant spectral sequence 

'HJGLn+2{D), GL„+i(D); Z) p = 







GL„+2-p(/^), 



= \ H^{GLp{D) X GL„+2-p(/^), GLp{D) x GL„+i_p(D); M,) l<p<n 
H,IgK+i{D) X D\GU+i{Dy, Mn+i) p = n + l 

which converges to zero. 

Remark It is not difficult to see that the maps 

EI^ = H,[d'' X GL„+i(D),D^ X GL„(D);Z) ^/J,(GL„+2p),GL„+i(Z});Z) 

are induced by the inclusion of pairs, which is an important ingredient in the homological 
stability proof by Charney described below. 

Note that the vertices of lk(t;p)p_i are given by 

Hvp)l_^ = [{y,W):V<Z (ei, . . . , ep), D (e^+i, . . . , e^+s), V ®W = D^+^j. 

In particular, these factors of the Levi subgroups 

/Ip 0\ 

and GL„+i_p(D) 

VO l) 

act trivially on lk(fp)p_i and hence on Mp. We can hence apply the relative Lyndon/ 
Hochschild-Serre spectral sequence (Theorem 1.13) to obtain a description of the first 
page of the aforementioned spectral sequence in terms of integral relative group homology 
of smaller general linear groups. This can be used to apply an ingenious "bootstrap 
procedure" to prove homological stability inductively for general linear groups as in 
[ChaSO]. The result, originally proved for Dedekind rings, is 

Theorem 3.2 (Charney, Theorem 3.2 in [ChaSO]) For n > 3k we have 

if,(GL„+i(D),GL„(D);Z) = 0. 

This theorem is far from optimal, to the author's knowledge, the following result by Sah 
is the strongest for division rings with infinite centre. 

Theorem 3.3 (Sah, Appendix B in [Sah86]) If D has infinite centre then n > k 
implies 

i/fc(GL„+i(D),GL„(D);Z) = 0. 

The discussion in [Sah86, Appendix B] is very brief. A detailed exposition of this result 
can be found in [Ess06]. A different proof of this result can be found in [KnuOl, 2.3]. 
For arbitrary division rings, compare this very special case of a general result by van der 
Kallen: 

Theorem 3.4 (van der Kallen, [vdK80]) For any division ring D we have 

Hk{GK+,{D),GK{D);Z) = 0. 

for n > 2k. 



25 



3.2 Special linear groups 

In this section, we consider special linear groups SL„+2(-D) over infinite fields D. It is 
well known that the groups SL„+2(-D) also act strongly transitively on the associated 
building A from the previous section. The opposition complex 0(A) and hence also the 
modules Mp are the same as for general linear groups. In the case G = SL„+2(-D) for 
n> 2, the Levi subgroups admit the following structure: 



'A 0' 
5, 



: A e GLp{D),B e GLn+2-p{D),det{A) det{B) 



which splits as a semidirect product 
r /A 



det(A)"i \ -.Ae GLp(D) \ x 

\0 l„+i_py 

GLp{D) X SW2-p(/^), 



tp 

SLn+2-p{D)^ 



and the group SLn+2-piD) acts trivially on Mp by the same argument as in Section 3.1. 
In particular 



Ln+l — • 

We obtain 
L'-- 



'A 







det(A) 



^1 : A G Ghn+i{D) >, and we choose G' 



'SL„+i(D) 0^ 
1, 



(A 















det(/l)-i \:Ae Ghp{D) [ x SL„+i_p(D) 







\0 In+l-p 

= GLp(D) X SWi_p(D), 
again with SL„+i_p(D) acting trivially on Mp. In particular, we have 







/det(A)-i 0^ 
I A^ 



■.AeGhn+i{D)\ = GLn+i{D) 



Met(A)"i 0\ N 

A : A G GL„(D) \ ^ GLn{D). 
1/ ^ 

As in [ChaSO], we apply Theorem 2.28 to obtain 

Theorem 3.5 (Charney, Theorem 2.3 in [ChaSO]) For any n > 2, there is a first- 
quadrant spectral sequence 



i/JSW2p),SWi(Z});Z) p = 

H,{GLp{D) X SL„+2-p(/^), G\{D) x SWi_p(D); Mp) l<p<n 

p = n + 1 



which converges to zero. 
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Figure 1: E^^ in the proof of Theorem 3.6 

Charney then uses this spectral sequence and a version of the relative Lyndon/Hochschild- 
Serre spectral sequence (Theorem 1.13) to prove homological stability for n > 3k. One 
can improve this result using Theorem 3.3, however. 

Theorem 3.6 If D is an infinite field, then n > 2k — 1 implies 

Proof In spite of the formulation of the theorem we will prove equivalently that n > 2k— 2 
implies 

i7fc(SW2p),SL„+i(D);Z) =0. 

Since relative Ho vanishes always by Lemma 1.5 and since Hi[SLn+2{D)] Z) = for all 
> by [H089, 2.2.3], we can start an induction over k. 
Let k >2. As induction hypothesis, assume that 

Hi{SLn+2{D), SL„+i(L)); Z) = for aU / < A; and all n > 21 - 2. 

We wiU show that Hk{SLn+2{D), SK+i{D); Z) = for all n > 2k - 2. For any n > 
2fc — 2 > 2, by Theorem 3.5, we have the spectral sequence E^^^ converging to zero. Note 
first of all that 

El^ = i/,(SL„+2p),SL„+i(Z});Z). 

In particular, we have to prove that -Eq = 0. Since the spectral sequence converges to 
zero, it is enough to prove i^^ ^ = for all p + g < A; + 1 and p > 1, which will then imply 
£"0^ = for all < g < A;. The situation is illustrated in Figure 1. We will prove the 
vanishing of the modules separately for the regions I, II and III. 
For region I, that is for p = 1 and 1 < g < fc, note that 

El^ ^ H,{GLn+i{D), GL„(D); Z). 

Since n > 2k — 2 > k > q, we know that El^^ = by Theorem 3.3. 
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For region II, that is p + q <k + l, q>l and 2 < p < n, we have in particular 
q < k — 1. Additionally 

2q-2+p={p + q) + q- 2<2k-2<n, 

so n — p > 2q — 2. By the induction hypothesis, we hence have 

i/g(SL„_p+2p), SL„_p+i(Z}); Z) = (1) 

for all p, q with p + q < k + 1 and p > 2. 

For the terms E^^ = Hg{Lp, L'^; Mp) in region II, consider the relative Lyndon/ 
Hochschild-Serre spectral sequence from Theorem 1.13: 

Ll = H,{GLp{D); H^{SK+2^p{D), SL,,+i_,(D); Z) ®^ M^) H,+,{Lp, L'^; M^). 

Note that we proved in (1) that Lf - = for j < g < A; + 1 — p, hence Hg{Lp, L'^, Mp) = 
for all p, q in region II. Hence E^^ = for region II. 

Finally, note that region III, that is, all Ep q with 0<p<k + l<n + l vanish by the 
remark after Theorem 2.28. 

Inspecting the spectral sequence Ep ^ yields E^ ^^ = E^j. = 0, which proves the theo- 
rem. □ 

Remark The best known stability result by Hutchinson and Tao in [HT08] for special 
linear groups improves this to n > /c in the case where D is a field of characteristic 
zero. Our result above improves the known stability range for all other infinite fields by 
one, however. Up to now, the best result known to the author is due to van der Kallen 
[vdK80] proving stability for n > 2k for rings with stable rank 1. 

3.3 Unitary groups 

In this section, let D be a division ring. Let J : D — > D be an involution and let e = ±1. 
Let be a finite-dimensional right D-vector space. Choose an (e, J)-hermitian form 
h : V X V ^ D, that means h is bi- additive and 

h{av,w) = a'^h{v,w), h{v,aw) = h{v,w)a, h{w,v) = h(v,w)'^e. 

If the characteristic of D is two, we have to assume that h is trace-valued, see [H089, 
Chapter 6] for further details. A subspace X < is totally isotropic if h{v,w) = 
for all v,w E X. Denote by (n + 1) the Witt index of h, the maximal dimension of a 
totally isotropic subspace of V. Then 2{n + 1) < dim(K). It is known that V splits 
non-canonically as an orthogonal sum V = Hn+i -L W, where W is anisotropic, that 
is h{v,v) 7^ for v E W \ {0}, and where T-tn+i is a hyperbolic module, in particular 
dim(H„+i) = 2{n + 1). A good reference for unitary groups over division rings is [H089, 
Chapter 6]. 
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Definition 3.7 The unitary group associated to h is 

\]{V) = {Ae GL{V) : h{Av, Aw) = h{v, w) for all v,w E V}, 
the subgroup of h-preserving linear automorphisms ofV. 

It is well known that U(\^) admits a Tits system of type C„+i which is weak if J = id, 
dim(V^) = 2(n + 1) and e ^ —1, this is the case of orthogonal groups. We also allow this 
case explicitly. The corresponding building A is isomorphic to the flag complex over all 
totally isotropic subspaces of V. The opposition complex 0(A) is then isomorphic to 
the flag complex over pairs of opposite totally isotropic subspaces of V, where X <V is 
opposite Y<VifX®Y-^ = V. 
It is known that there is a basis 

■ ■ ■ , e_i, ei, . . . , e^+i 
of the hyperbolic module Hn+i such that 



e if i + j = and i > 

1 if i + j = and i < 

otherwise. 



This basis determines an apartment of the building A. We choose the standard chamber 
Co of A and the type enumeration such that 

t^P = ((e-(n+i), ■ ■ ■ , e-p), {ep, e„+i)) 

and we write T-Lp = (e_p, . . . , e_i, Ci, . . . , e^) and Hq = {0}. It is a simple calculation to 
see that the Levi subgroups Lp then admit the following structure 



Lp — 



(S 








°^ 





A 





B 















c 





D) 



^ Ghn+2-p{D) X \]{Hp-l ± W). 

In particular, we have 
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hence 



L' 



/I 0\ 
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A 5 

5-^00 
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VO C Q DJ 

GL„+i_p(Z}) X UCHp_i . 



: 5 G GL 



n+l- 



'A B' 
C D, 



e \](n 



p—1 



W) 



W). 



For n > 2, we apply Theorem 2.28 to obtain a spectral sequence 



7-li ~ 



p = 

1 < p < n 
p = n + 1 



which converges to zero. Using this spectral sequence, we obtain a generalisation of the 
theorems by Vogtmann for orthogonal groups in [Vog79] and [VogSl], which were later 
generalised to Dedekind rings by Charney in [Cha87]. 

Theorem 3.8 For a division ring D with infinite centre, the relative homology modules 

H,{\]inn+i 1- w), \j{nn ±w);z) 

vanish for n > 2 if k = 1 and for n > k>2. If the centre of D is finite, relative homology 
vanishes for n >2k. 

Proof Note first that all assumptions imply > 2, so we can construct the spectral 
sequence E^^^ as above. For 2 < p < n, the vertices of lk(t>p)p_i are given by 

HuX-i = {{X, Y) : (e_(„+i), . . . , e_p) C X, F D (e^, . . . , e„+i), X ®Y^ = v} 

In particular, the general linear group factors of Lp and L'^ act trivially on this filtrated link 
and hence on Mp. For p > 1, we can hence apply the relative Lyndon/Hochschild-Serre 
spectral sequence (Theorem 1.13) to obtain 



Hi+j{Lp, L'p, Mp 



Again, we want to show that E^i^ = 0. We do this by showing that E^^ = for 



p + q < k + 1 and p > I. The situation is illustrated in Figure 2. We will prove the 
vanishing of these modules separately for the regions I and II. 

First of all, consider region II, which consists of the modules E^q with 



l<p<A; + l<n+l. 
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Figure 2: E^^ in the proof of Theorem 3.8 

These modules vanish by the remark after Theorem 2.28. 

Region I is given hjp + q<k + l, q>l and 1 < p < k < n. We distinguish cases. 
If the centre of D is infinite, by Sah's result (Theorem 3.3), we have 

H,{GLn+2^p{D), GL„+i_p(D); Z) = 

for j < n + 1 — p. So vanishes for p + q < n + 1 and 1 < j9 < n by the relative 
Lyndon/Hochschild-Serre spectral sequence. Since n > k, the modules Ep^ vanish in 
region I. 

If the centre of (D) is finite, van der Kallen's result (Theorem 3.4) implies E^^ = 
for p + 2q < n + 1. By hypothesis, n > 2k, so p + q < k + 1 and q < k imply 
p + 2q<2k + l<n + l, which shows again that i^p^ = in region I. This proves the 
theorem. □ 

Remark Mirzaii and van der Kallen proved homological stability for unitary groups over 
local rings with infinite residue fields in [MvdK02] and [Mir05] with a slightly weaker 
stability range of n > A; + 1. We restrict ourselves to division rings with infinite centre, 
but on the other hand we allow an anisotropic kernel. 

Note that, if 1^ = {0} and J = id, which forces D to be a field, we obtain stability 
results for the following two special cases. 

Theorem 3.9 For the symplectic and orthogonal groups over an infinite field D, we 
obtain 

^fc(Sp2n+2p),Sp2„(/^);Z) =0 
Hk{On+l,n+l{D), OnAD); = 

if k = 1 and n>2orn>k>2. If D is a finite field, then the relative homology groups 
vanish for k >2n. 
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By a combination of the methods for Theorem 3.6 and Theorem 3.8, results on special 
unitary groups can also be obtained. The following result on special orthogonal groups is 
particularly interesting: 

Theorem 3.10 For an infinite field D, we have 

for k = 1 and n>2orn>k>2. If D is a finite field, then the relative homology 
groups vanish for n > 2k. 



Proof In this case, note that J 
simple structure: 



id. The Levi subgroups hence have the following 
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Since by assumption n > 2, we can apply Theorem 2.28 to obtain a relative spectral 
sequence converging to zero. We have to prove i?Q^ = 0. As in the proof of Theorem 
3.8, the general linear factors of Lp, L'^ act trivially on Mp and we consider the relative 
Lyndon/Hochschild-Serre spectral sequence to obtain 



Ll^ = H,[S0p.i,p^,iD);Hj{GLn+2-p{D),GL.n+i-p{D);Z) 



Mr 



Hi+j{Lp, L'p, Mp). 



Now, for infinite fields, note that by Theorem 3.3, for j < n + 1 — p, we have Lfj = 0. In 
particular, p + q<k + l<n + l and p > 1 implies E^^^ = 0, except forp = n+ l = A; + l, 
where we apply the remark after Theorem 2.28 again. We obtain the theorem by 
inspection of the spectral sequence. 

For finite fields, by Theorem 3.4, for 2j < n + 1 — p, we have Lfj = 0. Sop + q<k + l 
and q < k imply p + 2g < 2A; + 1 < n + 1, so -E^^ = 0, and we obtain the result. □ 
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